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PART  I 

THE  UV-SPECTRA  OF  SUBSTITUTED  PQLXEKE  HYDROCARBONS 


CHAPTER  I 


INTROEUCnON 

It  is  quite  often  of  interest  for  chemists  to  be  able  to 
estimate  the  absorption  maxima  Xo  for  the  ultraviolet  (UV) 
spectra  in  the  course  of  resolving  the  structure  of  conjugated 
hydrocarbons. 

It  has  been  known  for  a long  time  that  substituted  alkyl 

gro^)s  on  these  compounds  (both  aromatic  and  aliphatic)  have  a 

bathochroraic  effect,  or  a shift  towards  a longer  wave  length  in 

the  ultraviolet  spectra,  Mulliken^  interpreted,  for  example, 

the  bathochroraic  effect  of  the  methyl  grot:^  on  the  benzene  ring 

in  terms  of  hyperconjugation.  There  also  exists  the  well  known 
2 

’’Vfoodward’*  method  which  predicts  absorption  maxima  for  aromatic 
compounds, 

Iftilliken’s  treatment  is,  however,  too  cumbersome  to  ®nploy 
and  Woodward’s  method  is  purely  emq>irical  and  not  always  reliable. 
It  is  desirable,  therefore,  to  have  a scheme  for  predicting 
for  alkyl  substituted  polyenes  which  is  slr^jle  to  use,  would  have 
some  theoretical  basis,  and  would  produce  reasonably  good  results. 

In  the  att«npt  to  find  an  existing  scheme  for  doing  this,  the 
literature  was  examined  rather  extensively.  Numerous  methods  and 
exajT5>les  were  found  for  cata>condensed  aromatic  systms  such  as 
benzene,  naphthalene,  and  anthracene,  etc,,  and  for  polyenes  such 
as  butadiene,  and  hexatriene,  etc. 
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The  MO-JjCAu  (molecular  orbital  by  linear  combination  of 

4 ? 6 

atonic  orbitals)  method  as  well  as  the  FEMO  * * (free  electron 
molecular  orbital)  method  were  used  widely  for  those  cos^jounds 
mentioned  above.  Although  these  methods  seem  to  be  very  success- 
ful and  satisfactory  in  treating  pi-electron  systems,  none  of  these 
methods  are  very  suitable  for  the  alkyl  substituted  complex  systans. 

The  particular  interests  in  this  laboratory  have  been  the 

investigation  of  physical  properties  of  terpene  hydrocarbons,^ 

These  are  a class  of  COTpaurds  whose  molecular  formulas  are 

in  diich  conjugated  double  bonds  as  well  as  localized  «igma  bonds 

are  found.  For  these  and  other  jystms  containing  it»i^  than  two 

or  three  atoms,  it  is  extremely  difficult  to  set  wave  functions 

and  solve  secular  equations  in  a rigorous  manner.  To  overcome 

this  type  of  difficulty  and  facilitate  the  calculaUons,  Huckel,® 

9 10 

^^eland,  and  Pauling  and  Viheland  have  independently  developed 
very  valuable  approximate  methods,  Ihe  perturbation  method, 
however,  developed  by  I^war  and  Longuet-Higgins,  was  found  raiher 
convenient  and  very  useful  in  treating  polyene  hydrocarbons. 

The  purpose  of  this  research  was  to  improve  the  existing 
approximation  methods  by  introducing  the  effect  of  a substituent 
grovp  or  groi;^8  on  the  parent  cou5>ound  in  terms  of  exchange 
integrals  as  well  as  incorporating  the  idea  of  hyperconjugation. 
The  present  investigation,  therefore,  differs  from  others  in  the 
following  three  points* 

1,  No  additional  parameters  are  introducedi  i,e,,  the 
Hiickel  approximation  is  retained, 

2,  I^yperconjugation  effects  are  taken  into  account  in 
the  calculation. 


k 


3.  Different  /3  Tslues  are  used  for  different  con^xjunds 
depending  i^on  the  effective  nomber  of  substituents. 

As  will  be  seen  in  the  following  chapters,  this  simple 

approximation  proves  to  be  an  excellent  method  to  estimate  absorption 

* * \ . 

raaxlina  in  the  ultraviolet  ^ectra  for  the  polyene  hydrocarbons. 


OIAPTER  II 


THEORI 

The  Perturbation  Method  of  Deusu*  and  Longuet-iliggins 


The  perturbation  theory  deTeloped  by  Dewar  and  Longuet-Higgins^^ 
essentially  consists  of  building  vcp  molecules  frcna  fragments.  For 
its  detailed  account,  the  original  paper  by  the  same  authors^  or 

pages  83-90  of  SumW  -Qiemistry  by  Daudel,  Lefebrre,  and  Moser^^ 
should  be  consulted. 


Consider,  for  exauqjle,  a hexatriene  molecule.  It  may  be 
considered  as  being  built  from  two  allyl  radicals,  x and  y* 


C /p.  yC 

/\/ V 

C C C 


(2.1) 


x-system  ^ y-system  x-y  system 

For  the  x-system,  let  ^ and  ^3  be  the  properly 

normalised  atomic  orbitals  associated  with  carbon  atoms  1,  2,  and  3, 
The  MD*s  will  have  the  form, 

= Ci^  + C2P2  + €3^3.  (2.2) 

Assimdng  is  a solution  of  the  equation 

Hx  y,  , (2.3) 


or 

(Hx  - Ex)  = 0, 
>diere 


Hx  “ T + V,,, 
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(2.4) 
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and  substitution  of  equation  (2.2)  into  (2.3)  leads  to 

Ci(H^  - Ejj)  + Cgdljj  - E^)  (f^  + C^(H^  . E^)  = 0.  (2.5) 

I’lultiplying  equation  (2,5)  by  ^ and  integration  over  all  space  gives 
Cl  (Hj^  . Ej^)^dv  + J^jdv  = 0 (2.6) 

By  the  sane  procedure,  the  following  equations  are  obtained* 

<=1]  !^2(Hx  - V Pi  * + CaJpjCH^  - \)9>2  ^ 

= (2.7) 

- V’^2  * 

*=3lp3<«*- Vp3*  = °-  (2-8) 

To  ^'iraplify  the  notations,  the  Coulomb  integral  (X  , the 
exchange  integral  f3  , and  overlap  integral  S,  are  defined  as  follows* 

^ ii  = I 

/3  ij  = 

(2.9) 

Since  normalized  A0*s  have  been  used,  one  may  write 

(2.10) 

Using  these  definitions,  equations  (2,6),  (2,7),  and  (2,8) 
become* 


°l<‘>'u  - \')  * 87(^12  - = 0, 

’hSfia  - Ex821>  + 8j(o<22  . E^)  + C^(/3jj  - E^S^)  = 0. 

Ci(/3  3i  . EjjSjj^)  + - E^)  = 0.  (2.U) 

These  simultaneous  equations  have  non- trivial  solutions  if  and 


only  if  the  determinant  of  the  coefficients  of  the  C »s  is  zero,  i.e.. 


ex' 


- E_ 


/^12r^x^2 


11  - “X 

/3  21  r 0<  22  -'^x 


- E S 

13  - X 13 


/^23 


- E S 
“ X 23 


/331  - ^S^i  /J32  - 2^332  CX33  - 


= 0. 


(2.12) 
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In  the  Hiickel  approxiiaation,  it  is  assumed  that 


0<3jaO<22®C<5<j»£X, 

12  « /3  23  ' /3  32  « /?21  * t 

/^13  * /^31  ® 0» 

S12  * S2I  = S13  a S3I  a S23  a S32  » 0,  (2,13) 

When  ttie  Huokel  approximation  is  introduced  into  equation  (2,12), 
it  reduces  tot 

0<  . Ejj  ft  0 


ft  0(  m%y,  ft  a 0, 

0 ex'  • 

Di“7iding  eyery  term  in  the  determinant  by  ft  and  letting 


(2.14) 


^ ■ Et  a n^,  (2,15) 

/3 


one  obtains 


m,^  1 0 

1 % 1 

0 1 


B 0, 


(2.16) 


Solving  equation  (2,16)  for  %,  the  following  three  roots  are 
obtained*  % = 0,  and  ± V^, 

From  equation  (2,15)# 


Ex  “ i nbc/3.  (2.17) 

In  equation  (2,17)£  the  orbital  is  said  •bo  be  "bonding," 
"antibonding,"  and  "non-bonding"  according  -bo  idie-ther  rajj  is 
positive,  negative,  or  zero. 

At  this  point  it  is  necessary  to  introduce  the  tenolnology 
of  Coulson  and  Rudibrooke,^^  These  authors  classified  coi^unds 
into  "alternant,"  and  "mn-altemant"  ^sterns  according  to  •jdiether 


^ ■ 
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or  not  the  carbon  atons  in  the  coi^pound  can  be  separated  into 
two  sets,  ^ere  each  atcan  in  one  set  (the  "starred"  set)  can 
have  only  atoms  from  the  other  set  (the  "unstarred"  set)  as 
nei^bors*  This  is  illustrated  in  the  diagrams  below. 


*■ 


alternant  system  non-altemant  systwn 

For  alternant  systems,  the  orbitals  occur  in  pairs  in  "Uie 
sense  that  for  every  orbital  J with  energy  there  is 

another  orfjital  with  energy  o<  - TMs  relaUon  may  be  seen 

from  the  result  just  derived  for  the  gyst«n  x for  the  bonding 

and  antibonding  orbitals.  This  relation  is  known  as  the  pairing 
theor«n,^^ 

In  the  Huekel  approximation,  the  number  of  orbitals  becomes 
equ^  to  the  number  of  carbon  atoms  and,  if  the  molecule  is  an 
odd-altemant  syston,  there  will  be  one  non«bonding  orbital  with 

fflx  = 0 end  E = o<  . Ih  the  ground  state  it  is  the  hipest  occupied 
orbital  and  is  half  filled. 

Repeating  the  same  procedure  for  the  y-system  and  x»y  system, 
the  following  energies  are  obtained! 


x-y  system 

- ”biyl/3 

********  .........  • ”*xy2/3 

^ o/  - B^/3  ^ . %y3/3 

oc'. ••.••••  or.....,,,,  .......... 
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3^-^systeci 

«+Mx/3 


Xp.y  system 

%yl/3 


The  Devar  and  Longuet-Higgina  pertuxtiation  method  provides 
a slr^jle  and  convenient  scheme  for  find^  the  hi^diest  occi^ied 


and  lowest  unoc<n:pied  orbitals  in  the  x-y  ^stem. 

bet  Hjj  and  be  the  one  electron  Hamiltonian  for  the  MD 
in  the  X and  y fragments  and  and  be  the  approximate 
solutions  of  the  equations 


®xVxi  « ^xi^xi*  (2.18) 

%y7j*%jfyj»  (2.19) 

\diere 

^ ^ ^x»  (2.20) 

% « T + Vy,  (2.21) 

in  whidi  T is  a kineUc  energy  operator,  and  Vy  are  potential 
energy  operators  for  the;  x and  y-qyst®ns. 


bet  the  total  Hamiltonian  for  the  system  x-y  be 

H = T + Vx  + Vy,  (2.22) 

Then  for  the  case  that  one  of  the  E,^*s  is  equal  to  one  of  the 
Eyj*s,  certain  orbitals  of  the  x-y  ^sten  may  be  approximated  ty 
the  linear  combination 


(2.23) 

The  problem  of  obtaining  the  energy  associated  with  equation 
(2,23)  then  becomes  the  problem  of  resolving  the  following  determinant* 


(2.24) 
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where 

Hxx  V*  J*  VyH^ydv, 

^ 'J  J 7yH3A^,dT.  (2.25) 

liihen  these  integrals  are  evaluated  for  the  two  non-bonding 
orbitals  of  energy  E = « ©f  the  odd  alternant  hydrocarbons  x 
and  y,  the  following  values  are  obtalnedi 

* J (T  + Vj  + Vy)  dv 
= J (T  + Vjj)  y;,dv  + ^ 

“ » (2.26) 
where  the  second  integral  tern  / Vy  dv  has  been  neglected 
because  Vy  is  not  ir?x>rtant  in  the  region  of  x*  Similarly, 

V “ ^ • (2.27) 

Bow  yx  and  Yy  may  be  esspanded  in  terms  of  atomic  orbitals 
and  in  the  following  way,  ■ 

yx“^Ckxyk  (2,28) 

(2.29) 

^diere  and  Cj^^re  expansion  coefficients  for  the  x and  y-^stem, 
respectively.  Consequently, 

^ “ J Syydv 

= II.CjotCj^J^lcHfic'dv.  (2.30) 

In  equation  (2,30),  since  indices  k are  all  different  from 
k , there  are  no  o.  terms,  and  the  only  non-vanishing  terms  in 
the  Ihickel  scheme  are  the  terms  J ^k^^k'dv  =/3  , with  atom  k 
adjacent  to  atom  k' , 3n  the  present  exanple  only  one  such  term 
arises,  corresponding  to  bhe  bond  Joining  x and  y.  Therefore, 
equation  (2,30)  can  be  written  asl 

^ ® Vy/^  • 


(2.31) 
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likewise, 

“ CxCy/3  a (2,32) 

In  eqtiation  (2*32),  because  the  Hamiltonian  is  a hermitian 

operator  and  the  wave  functions  are  real. 

Substituting  all  these  values  into  equation  (2,24)  and  solving, 
one  obtains  by  the  perturbation  method 

( « . . (CxCy)^/3^, 

and  therefore 

‘ Ejjy  = cx  ± CjfiyfS,  (2^33) 

It  is  interesting  to  con?>are  equation  (2,33)  with  the  correspond- 
ing energy  expression  (2,34)  as  obtained  by  solving  the  full  secular 
equation  for  hexatrienet 

E = o<  ± 2/^cos(3tt/7) 

» cx  ± 0,48/3.  (2,34) 

i 

Since  the  perturbation  method  gives  the  coefficients  Cjj  = » 1/ \/2 

for  hexatrlene,  equation  (2,33)  becoiMS 

E = ± 0,5/^, 

Thus,  it  nay  be  sem  the  perturbation  method  gives  i^jproxinately 
the  same  value  as  obtained  by  the  rigorous  solution. 

According  to  the  perturbaticm  method,  the  energy  separation 
E betwe^  the  highest  ooc\^>ied  and  the  lowest  unocctq}ied  levels 
may  be  given  by 

^V”^xCy/3-  (2,35) 

This  energy  separation  corresponds  to  the  first  electronic  transition 
and  it  can  be  given  by  the  following  formula,  in  general I 

^E  =hV?o  = 2lC^/3, 

idiere  is  the  average  frequency  of  the  absorption  band. 


(2,36) 
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In  terns  of  wave  length  X»  • 

Xo  » c/  = hc/(2  ICjjCy/S),  (2,37) 

where  e is  the  velocity  of  the  li^t. 

If  the  coefficients  and  C^.,  and  the  exchange  integral 
y3  are  knowni  X.  can  be  evaluated  from  equation  (2,37)»  giving 
a very  convenient  method  of  calculating  the  first  excitation 
energy  of  the  alternant  system. 

Extension  of  the  Perturbation  Jfethod  for  Ifethyl  Substituted  Polyenes 

Although  the  peirturbation  method  of  Dex«r  and  Longuet-Higgins 
described  in  the  preceding  section  is  applicable  in  principle  to 
alkyl  substituted  polyenes,  it  requires  a considerable  amount  of 
labor  and  skill.  Therefore,  it  was  decided  to  develop  a simpler 
method  by  extending  Dewar’s  perturbation  treatment. 

It  will  be  aseumed  that  tte  three  Iqrdrogen  atoms  on  a methyl 
group  may  be  considered  as  a pseudo  atom  (the  idea  of  a pseudo 
atom  was  conceived  by  IkOliken^),  and  that  the  difference  in 
electronegativity  between  the  carbon  and  the  pseudo  atom  can  be 
neglected^  and  that,  whoever  methyl  groups  are  substituted  in 
the  conjugated  ^st«n,  the  thz*ee  bonds  in  the  methyl  group  may 
be  regarded  as  two  sigma  bonds  and  one  pi.bond  ^diere  the  pi-bond 
is  considered  to  take  part  in  the  conjugated  systan. 

In  the  ordinary  LCAO  treatment,  /3  is  regarded  as  a parameter 
to  be  determined  empirically.  In  the  case  of  polyenes,  it  is 
to  vary  with  the  length  of  the  chain  or  number  of  pi-electron 
centers  in  the  compound  in  order  to  obtain  agreement  with  the 
ultraviolet  absorption  spectra.  In  the  present  research  it  was 
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noted  that  y3  nruat  be  vairled  with  the  number  of  substituents 
in  order  to  fit  the  ^ectra* 

To  this  end,  1,3-batadiene  was  chos<m  as  the  parent  ooe^tmd 
and  j2  was  evaluated  from  the  observed  absorption  maxitca  in  the 
ultraviolet  spectrum  by  following  equation  given  by  the  LCAO^^ 
methods 


fi  “ ho. 

h Ao  sin  7T 

2r2rTT7 


(2.38) 


where  N is  equal  to  the  number  of  double  bonds.  This  basic  /3 
was  th^  compared  with  the  orte  obtained  by  equation  (2.3?)  for 
a mono.methyl  substituted  l,3*butadiene  or  l,3^6ntadiene  and 


the  difference  in  ^ was  ascribed  to  a methyl  gsroi;^  and  termed 
as  -CH^. 

In  examining  a number  of  exan^jles,  it  was  found  that  the 
absorption  maximum  could  be  pi*edicted  for  compounds  with  one  or 
more  methyl  substituents  by  using  the  following  formulas 

basic  ^3»  (2.39) 

^diere  n is  the  effective  number  of  methyl  substitu«its. 

Not  all  of  the  substituents  are  effective  because  some  do 
not  always  b^ve  as  perturbing  sources.  The  effective  number  n 
can  be  evaluated  by  breaking  up  a molecule  into  two  odd  alternant 


eysteas  as  described  previously,  calculating  coeffici«ats  in  the 
hipest  oootQ^ied  orbital,  and  counting  only  the  msober  of 
substituents  which  have  non-iero  coefficients.  . 


(SAPTER  m 


CALCUUTIONS 

As  already  desoilbed  in  the  previone  ohapter»  /3  la  evaluated 

by  equation  (2,38)  taking  Ao  » 209  m/^*  aa  followa* 

/3  * 

4 Ao  sin  ^ 

- 2(2N  + 1) 

- 6^  x 10-^  X T X lO^-P 
4 X 2,09  X 10~^  X Bin  1^ 

» 7.^5  X lO^^^rgs,  ‘ (3,1) 

Now  in  order  to  evaluate  the  perturbation  effect  of  the 
methyl  groip  on  the  parent  compound,  1,3-butadiene,  a cia-1,3- 
pentadiene  molecule  idioae  obaeirved  absorption  maximum  ia  217  * 

ia  chosen  aa  a reference  substance. 

This  molecule  is  then  broken  up  into  two  odd  radicals  aa 
shown  and  labelled  x and  y-ay stems. 


♦ * 


,C  ,C  Ho 

— ,/\.  - 

\ 

c c c 

C C 

C 

Co  C . 
x2  xl 

c . c 
yl  y2 

X 

y 

In  calculating  coefficients  and 

CyQ^,  the  normalization 

condition  and  "coefficient  theor«n"^^  are  used,  Aa  applied  to 


References  to  the  e^qjeriraental  x,  values  may  be  found  below 
Table  1, 
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the  non-bonding  Molecular  orbital  in  an  odd  alternant  hydrocaibon 
the  coefficient  theorem  states  that  the  sum  of  coefficients  of  the 
atomic  orbitals  for  the  starred  atoms  adjacent  to  axiy  laistarred 
atom  is  always  aero.  That  is,  in  cis-l,3-pentadiene, 

^x2  * 

Iiikewise, 

therefore, 

» 1/  /2. 

Using  equation  (2j,37),  /?'tdiich  is  required  for  agreement 
with  the  observed  Ao  = 217  ®/<- , ie  evaluated  as  follows  i 

/3  = bs • 6.6  X IQ-^  r 1 10^°  ~ 

2,1/  2x1/  2*2.17x10-5 
■ 9*12  X 10"’^^  ergs*  (3.2) 

The  difference  in  /3  values  for  1,3-butadiene  and  l,3^entadiene 
is  considered  to  be  the  perturbation  effect  of  the  methyl  grovtp 
and  ie  assigned  the  value  » lA?  x lO"^^  ergs.  Equation 

(2,39)  can  be  rewritten,  t^n  substitution  of  nwaerlcal  values  of 
basic  ***^ 

/3  * (7.65  + n X 1.47)  x 10*^^.  (3.5) 

Jhis  oon^und  is  considered  to  consist  of 
the  following  x and  y-systeras* 

H^=C  - C = C - c4c  - C=H^->H^SC  - C = C-C-  + .C-  C=H^ 

^x3  ^x2  ^xl  V V 


X 


y 
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Fn»n  the  noiroalization  condition  and  the  coefficient  theorem, 
the  coefficients  and  are  obtained  as  follows i 

^3d  “ ^yl  “ 

In  this  case,  both  methyl  grotaps  have  non»zero  coefficients. 
Therefore,  fi  is  taken  to  be  10.59  x 10“^^  ergs. 

Therefore, 


A. 


6.6  X 10-^  » 1 » in^° 


I2L2 


2 3E  1/  75  X 1/  72  X 10,59  X 10" 

» 229  m/i, 

2«j^ethyl~l . 3»pentadiene . This  molecule  is  deeon^sed  into 
the  X and  y»radioals  as  shown  belowt 


H, 


«3 

c 


in^ 

C 

C « C - CiC  - CHj-i.C»C-C*+  -C-C 


s 


x3 


® n C 

xl  yl 


y2 


In  the  Xosystem, 


Cxi  + C^2  ♦ =x3  - 0- 


Since 


®X2  ' 'xl  “ 


In  the  y-i^at«n, 


<V1  * C^2  - 

(^  + Cyj  = 0. 


Therefore, 


1/ 
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Althou^  this  has  two  substituted  mthyl  gro\;5)8, 

the  laethyi  group  on  the  x-^stem  has  zero  coefficient.  It  thus 
has  no  effect  on  the  ^sten.  Therefore,  /3  is  tak«i  to  be  equal 
to  (7*65  + 1.^7)  X 10  or  9«12  x lO"^^  ergs,  and 

Ao  “ — llS = IQ"^  X 3 X 10^°  " 

2 2 X 1/  /2  X 1/  >/2  X 9.12  x ICT^^ 

« 217  mjuL, 


Wfethyl-l . ^-.oenta/jj^fin^ . Breaking  up  this  molecule  into 
the  X and  y-systeras, 


h 

c 

C = C-  C=kC_  CsH  (5  = C - c. 


"y3 


i * 
•C  - CsH 


“'x2 


xl 


"yl  y2 

y 


the  coefficients  are  fo\md  to  be 

- 1/J2.  = 1/J3. 

Here  again  both  methyl  groiqjs  have  non-zero  coefficients 
and  so  taking  /3  = 10.59  x 10*^  ergs, 

A.  “ — X 1 X l(f° 

2 X 1/  71  X 1/  /5  X 10.59  X lO**^^ 

» 229  m/x. 

l.^.^UIexatrie^.  _ 

* ♦ • * 

C=C-OW-C=C  ->  OC-C  + C-CaC 

^x2  ^xl  ^1  Sr2 

X y 

This  conqxjund  is  broken  into  the  x and  y-fragments  above  and 
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the  coefficients  Cjc;  and  C^i  are  found  as  follovst 

^xl  * V “ ' 

Since  there  is  no  substituted  methyl  grot;?),  using  the  basic 


Ip 

value  of  7,65  X 10  ergs,  one  obtains 


Aft 


i:  z 10 

^ 6 X 10  ' V r 1ft 


2 X 1/  v'F  X 1/  72  X 7.65  X l7^^ 

«»  259  a>t. 

j 

1 3 1 5~hexatrlene . TMs  molecule  is  brok«s  at  the 
dotted  line  into  the  x and  y-s7st«tts. 


”3 

iiK 

C 


S3 

C*  c 


x2 

C = C-  C^C-C  = C-^  C = C»C.  + -C-C  = C 


■'X3 


C - c T 

xl  yl 


>2 


The  use  of  the  coefficient  theorem  and  nonaalitation  gives 
^xl  * V “ 

In  this  case,  since  the  mono-substituted  methyl  grot?)  has 
coefficient,  the  basic  value  of  /3  is  used. 


zero 


Ac 


10 


2 X 1/  72  X 1/  /2  X 7,65  X 10*^^ 

» 259  m A . 

Considering  ttiis  molecule  is 

built  of  X and  y-syst«as, 

§3  ^x4 

c = b-  c = c-  cfc-  CsH  ->  6 = c-  5 = c-6-  + .$.csft 


^X3  "x2 

X 


C c 

xl  yl 


y2 


^9 


the  same  procedure  gives 

» 1//3,  =.  1/72. 

Since  the  substituted  methyl  grot^  has  ncuwzero  coefficient, 
the  value  of  9*12  x 10  ergs  is  taken  for  /3  , Therefore, 

f .6  X 10-^  X ^ 10^° 

2 X 1/73  X 1//2  X 9*12  X IQ^ 

_ * 266  m/U, 

2.*4*.6»Octatriene . This  molecule  is  decoE;x)8ed  into  tvro 
2>butene  radicals, 


H.,  = C - 


T 

"x3 


0 

1 

o 

II 

0 

1 

o 

= "3 

o 

II 

0 

1 

o 

• 

+ 

•C  - 

♦ 

♦ 

* 

c 

C 

c 

x2 

xl 

yi 

X 

C - c 
♦ 
c 

y2 


y3 


The  ^>plication  of  the  coefficient  theorem  and  normalization 
condition  gives 

^xl  “ ^1  “ ^/ 

Since  both-methyl  groins  have  iwn-zero  coefficients,  the 

«»X2  * 

10,59  X 10  ergs  is  taken  for  the  calculation.  Therefore, 

“ ^6.  X lo"^^  X 3 X 10^^  - 

2 X 1/  n/3  X 1/  v/5  X 10,59  X 10”^^ 

“ 280  m/t, 

AHo^oclmene . AUo^ooimene  is  decon^sed  into  two  isoprene 
units  as  shoun  belowt 
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H- 


Ho*  C , 

m3 


c* 

"x4 

c 

) 

* 1 

♦ 

♦ 

* 

* 

1 

o 

II 

0 

1 

C • + 

•C  - c 

II 

0 

1 

o 

- . 

^x2 

C T 

xl 

V 

^y2 

C 

y3 

X 

y 

^x3 


Using  both  the  coefficient  theorem  and  nomallsation  condition, 
one  obtains 

Cxi  “1//3,  »l/2. 

Of  four  methyl  groups  only  three  have  non-zero  coefflciMits 
and  therefore  /3  is  taken  to  be  12,06  x 10*^\rgs. 

Ao  * _ — a 3,9"^  ^ 10^^ 


2 X 1/  >/5  X 1/2  X 12.06  X 10"^^ 


= 28^  m/c, 

Octatetraene . Octatetz^ne  is  broken  into  the  x and  y-radlcals 
as  shown  belowi 

C = C-  C = C-  C4C-C  = C — > 

C=C-C=C-C-+.C_C=C 


c* 

y2 


X y 

Ihe  same  procedure  gives 

^xl  “ Cyi  = 1/  >/2, 

Therefore, 

X.  - 6.<  x 10-^  X 1 , I()“ 

2 X 1/75  X 1/  \/2  X 7*65  xlO^ 


SC 


317 


CHAPTER  IV 


RESULTS  AMD  DISCUSSION 

For  convenience  the  calculated  wd  observed  results  for 
the  ultraviolet  absorptiwi  spectra  for  the  series  of  conqjounds 
investigated  are  tabulated  in  Table  1,  It. is  seen  that  the  agree- 
ment  is  excellent  between  the  observed  and  calculated  results. 

The  deviations  range  from  one  n/tfor  l,3»5'Jiexatriene  to  seventeen 
ittyW.  for  2,4,6-octatriene,  The  magnitude  of  the  deviations  observed 
in  this  study  is  small  in  eon^arison  with  other  investigations, 
Platt,  for  exarpLe,  using  the  LCAO  methods,  obsenred  a deviation 
of  -5  for  l,3»5-hexatrine,  -29  for  ethylene,  and  -36  vip. 
for  1,3-butadiene. 

^Hie  principal  features  of  the  present  research  are  the 
vairiation  of  /3  as  a function  of  the  effective  number  of  substi- 
tuents instead  of  the  nuniber  of  pi-electron  centers,  and  the 
use  of  an  average  ft  value  for  each  calculation.  The  latter 
part  of  this  statement  iii^plies  that  no  distinctions  are  made 
between  ft  values  for  diffejrent  bonding  in  the  same  molecule. 

%is  may  be  contrasted,  for  exan^le,  with  the  tz^tment  of  toluene 
^ Co«lson  and  Crawford.^^  In  their  calculations, 
they  used/?3^2  “ H.9  x 10"^^  ergs,  /323  = 3.13  x 10"^^  ergs  and 
Pee  “ * 10*^^  ergs.  It  is  of  interest  to  note  that  the  ft 

used  for  short  polyenes  hy  Platt  is  close  to  the  basic  ft  obtained 
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Table  1 

Obeerved  and  Calculated  UV-Absorption  Maodraa  for 
Polyene  hydrocarbons 


Nomenclature 

obs. 

(m/t) 

calc. 

inju.) 

Deviation 

/3x  10 

l,3»butadiene 

209* 

standard 

7.65 

l,3»pentadlene 

217^ 

standard 

10.59 

2,44ifflcadiene 

227® 

229 

+ 2 

10.59 

2^ethyl«l , 3»pentadlene 

220^^ 

217 

- 3 

9.12 

4-me  thyl»l , 3*d>entadiene 

223® 

229 

6 

10.59 

1 # 3 » 5-bexatriene 

260^ 

259 

- 1 

7.65 

2^ethyi-l , 3 , 5->hexatriene 

267® 

259 

• 8 

7.65 

2-methyl-.l , 3 , 5-bc^  tatriene 

261^ 

266 

+ 5 

9.12 

2 , 4, 6-octatriene 

263^ 

280 

+17 

10.59 

allo-ooimene 

280^ 

284 

+ 4 

12.06 

octatetraene 

302^ 

317 

+15 

7.65 

*■  American  Petroleum  Institute  Project  UU,  Serial  Number  6$ 

^ iWd,,  Serial  Nuaber  46 
c 

H,  Booker,  L,  K,  Evans,  A.  E,  Glllam,  £,  Chem.  foe.,  1453  (I940) 
American  Petroleum  InsUtute  Project  44,  Serial  Number  66 
® ibid,.  Serial  Number  68 

^ M.  Kovner,  Ag^  Physicochlm. . U.R.S.S,,  i2,  385  (1944) 

S E.  A,  Braude  and  C,  J,  Timmons,  Chem.  Soc..  2000  (1950) 

^ ibta.,  2007  (1950) 

^ E,  R.  Blout  and  M.  Fields,  J.  Chem.  Soc..  2fi,  189  (1948) 
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from  l,3-.buradi«ffie  In  this  work, 

present  method  is  sv^rlor  to  other,  treatments  in 
siisplicity*  and  convwdenoe*  Tlic  serai^eB^jirleal  nature  of  the 
method  is  dictated  by  the  oor^jlecsdLty  of  the  nulecules  considered. 
It  «ould  be  desirable,  in  future  work,  to  deteamiine  the  effect 
on  /3  of  a substituent  methyl  grotip  by  direct  calculation  in 
order  to  give  a sounder  theoretical  basis  for  the  present  wozk. 
The  method  might  also  be  io^roved  and  extended  by  considering 
different  y3  values  for  different  types  of  bonding  in  a given 
nK>leeule« 


i • 

I'- nil  ||«|~»»...  ■■  I 

J R,  D,  Walker,  Jr,  and  J,  E,  Hawkins,  J,  Ch«a.  Soo,.  2k* 
4209  (1952) 

^ H,  Kuhn,  i,  iZt  U98  (1949)  ‘ 


CHAPTER  V 


SUMMART 

In  the  theoretioal  calculation  of  the  absorption  ma.Tiina  of 
ultraviolet  ^ectra  for  alkyl^substltuted  polyene  hydrocarbons) 
the  Dewar  and  Longue  t~Hlgglns*  perturbation  method  was  extended 
by  Incorporating  tbe  Idea  of  hyperconjugation  and  also  by  varying 
/3  as  a function  of  the  effective  number  of  substituents.  This 
single  schsne  has  proved  to  be  a very  effective  and  powerful 
method  In  predicting  absoiptlon  maxima  of  ultraviolet  spectra 
for  alkyl  substituted  polyene  hydxpoarbons. 
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PART  n 

THE  FHRRO-AMTIIERR(»tt(aDSTIC  TRANSITION  TEMPERATURES 
IN  COMPOUNDS  OF  F«,  Co,  AND  Ni 


CHAPTER  VI 


INTROrUJCTION 

In  their  heat  capacity  measurements  at  low  t«9^eratureS} 

1 R 

stout,  et  al,,"*’  observed  specific  heat  anomalies  for 

FeFg,  and  CoFg,  etc,  Th^  ascribed  ttiese  aiwmalies  to  the  magnetic 

ordering  of  atoms  in  crystalline  lattices. 

In  a theoretical  treatment  of  this  antiferro-ferromagnetic 
transition,  for  exan^le,  Neel^^  considered  a physical  model  of 
magnetic  ions  of  two  interpenetrating  sublattices  having  opposite 
aligxBnents  of  moments  in  iMch  the  nei^bors  of  the  ions  of  one 
sublattices  belong  to  the  other  sublattices.  The  magnetic 
properly  of  such  an  arrangement  is  called  "antiferrmnagnetism," 

On  the  other  hand.  Van  Vlock*  developed  an  approximate  treatment 
for  ferromagnetism  similar  to  the  Weiss  molecular  field  approxi» 
mation, 

filch  earlier  than  these  theoretical  studies,  Ising^  formulated 

a model,  vhich  is  essentially  based  on  the  view  that  fei*romagnetism 

is  due  to  an  interaction  between  the  i^ins  of  certain  atoms  making 

up  a crystal, 

22 

Yomosa  developed  a statistical  method  based  on  the  Ising 
model  in  connection  with  the  Bethe-Peierls^  method  and  applied 
it  to  the  ^in  systems  of  FeCl^,  The  purpose  of  this  investigation 
was  to  extend  his  work  to  the  study  of  the  relationship  of  the 
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NmI,  or  Curie  teu^rature  and  the  spin  co«5>ling  constants  of 
c<n!^unds  having  different  erystalline  structures  such  as  HiCl2t 
FeCl2,  and  C0CI2  having  close-packed  hexagonal  arrangaaent  and 
C0F2  having  the  rutile-type  structure  as  well  as  estahlishing  a 
definite  existence  of  second  transition  ten^erature  in  the  former 
compounds,  The  observed  results  were  compared  to  the  results 
expected  from  theoretical  consideraticms. 


CHAPIEH  yn 


•mom 

The  eoAordrous  difluorldee  of  Fo,  and  Ki  all  have  the 
rutile-tarpe  ciystal  etruelare,'^^  'tddle  dlchlorldee  of  theee 
elenanta  have  oloeeM>packed  hexagonal  orTstaUiae  etructarej®*^^ 
According  to  Stout  and  Adane,^^  HiFg  eiddblts  a naxijmim  In  the 
poiaier  nagnetlc  susceptlbUltgr  and  aleo«  at  about  the  saae  t«»er» 
aturot  a region  of  anomlauely  hi^  heat  capacity  which  is  an 
indication  of  a ooc^rative  pi^atnscnicai.  These  authors  also 
observed  that  oa»  of  the  prineipal  axes  of  nagnetlc  sasoeptiblllty 
lies  along  o-axle  of  the  cjystal.  Van  Vleok^  In  his  theoiy 
of  antlferro-aagnetics!  also  predicted  that  the  magnetic  8usoep» 
tibility  of  an  antiferromagnetic  eubstanoe  belov  Reel  teRperatore 
itiuntld  deorease  with  terapcrature  in  the  direction  of  the  c-4uds. 
The  spin  of^two  sablattloes  are  aligned  parallel  and  antiparallel 
alcnig  the  c-axle  and  the  magnetic  sasoeptiblllty  along  this  axis 
should  approadi  sero  at  0®K,  while  the  magnetic  susoeptlblllty 
perpendicular  to  the  c«axls  would  remain  constant  belov  the  Curie 
teeiperatare. 

This  alignment  of  the  spin  has  been  further  oonflrmed  by 
neutrcm  dlffraotirnr  masux*en^ts  by  Brlokeon  and  Shull,^  They 
not  only  oonflmed  that  the  o«-axl8  is  the  direotion  along  whidr 
alignnant  occurs,  but  also  that  the  spine  in  the  nearest  nel^bor 
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colunms  in  the  direction  of  the  c«»a3cis  are  all  aligned  parallel 
to  one  another.  Therefore,  each  coliann  Is  surroxiaded  hy  four 
others  Tijhlch  have  spin  antiparallel  to  It, 

The  ordered  magnetic  structure  consistent  with  the  magnetic 
susceptibility  and  neutron  diffraction  data  can  be  drawn  for 
FeF2  as  shown  in  Figure  1, 

Kanamori^^  in  his  theoretical  investigation  of  the  anti- 
ferromagnetic substance,  F©Cl2,  concluded  that,  if  the  spins  are 
unable  to  deviate  from  the  c-axls,  the  Ising  model  is  well  appli- 
cable to  the  i^in  eystems  of  FeCl2*  From  his  results,  the  lowest 
lying  orbital  state  of  Fe^  ion  is  a doublet  and  their  coi^nents 
of  the  orbital  angular  momentum  have  matrices 


Ljj  =*  « 0, 


(7.1) 


In  reference  to  Figure  1,  eadi  crystal  lattice  point  is 
associated  with  a spin  coordinate  Ch~  , All  the  particles  are 
assumed  to  be  localized  at  their  respective  crystal  lattice  points 
and  to  be  independent  of  spin  configuration.  Considering  ^ as 
a scalar  quantity,  the  value  » + 1 is  assigned  to  a «^in  state 
with  the  spin  in  some  preassigned  direction,  say  such  as 

shown  by  the  lattice  points  0,  1,  ,,,,  8,  and  - 1 to  a spin 
in  the  opposite  direction,  or  "down,"  such  as  in  lattice  sites 
9f  11,  ,,,,  16,  Before  developing  a partition  function  for  the 
^ystffla,  it  seffliis  to  be  proper  to  mention  two  fundamental 
postulates^®  underlying  the  "Ising"  model. 

First  postulate  I Only  particles  on  nearest  nei^bor  lattice 
points  interact.  According  to  this  postulate,  the  interaction 
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Figure  1.  The  spin  arrangement  in  FeF2.  Only  positive  ferrous 
ions  are  shown  in  the  diagram. 
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energy  between  two  particles  at  i-.th  and  j-th  lattice  points  and 
having  spins  and  , respectively,  is  then 


The  energy  is  +J  if  the  nearest  neighbors  have  the  same 
spin  and  is  -J  if  th^  have  opposite  spins.  The  constant  J appearing 
as  a parameter  is  a measure  of  the  strength  of  this  co\:^ling  and 
J is  positive  for  a feiromagnetic  and  ne^tive  for  an  antiferro- 
magnetic  ^stera, 

SecorKi  postulate!  !Che  particle  can  interest  with  an  external 
magnetic  field.  The  interaction  «iergy  of  the  j-th  particle  of 
a magnetic  moment /c  , with  the  ^rbeamal  field  strength,  H,  is  then 


On  these  two  postulates,  we  can  develop  a partition  function  for 
the  spin  eystems  of  FeFg, 


± if  1 and  j are  nearest  nei^bors, 
0 othervd.se. 


(7.2) 


Eg  * H . 


(7.3) 


CHAPTER  Vm 


CALCUUTIONS 

FeFg 

As  xras  pointed  out  in  the  prerlous  section,  the  magnetic 
ordered  state  of  positiTS  Fe"^  ion  in  the  FeFg  crystal  may  be 
imagined  as  shown  in  Figure  1*  If  the  layer  occi:^ied  by  lattice 
points  0,  1,  2,  8 is  labelled  A and  either  the  layer  occtjpled 

by  latUce  points  9,  10 12  or  13,  14,  16  is  labelled 

B,  and  if  all  the  spins  of  the  partioles  in  the  A layer  are 
oonsideired  and  those  in  the  B layers  considered  down  as  indicated 
by  the  arrow  heads  in  Figure  1,  and  if  the  0-th  atom  is  cdiosen 
as  a central  atom  then  the  ferromagnetic  interactions  between  the 
electrons  of  the  atoms  In  the  same  layer  and  the  antiferroraagnetic 
interactions  between  those  in  the  different  layer  can  be  considered 
in  the  following  manner.  In  applying  the  "Ising  model"  to  the 
(l  + 16)  particle  cluster  ^stem,  a certain  approximation  to 
be  made.  In  the  layer  A,  for  exaa^le,  the  particles  2,  4,  6,  and 
8 ^uLd  be  omitted  in  principle  firm  our  consideration  if  we 
should  adhei*e  to  the  first  postulate  of  the  "Ising  model,"  since 
they  are  second  nearest  nei^bors  to  the  central  atom. 

Since  the  ratio  of  the  second  to  the  closest  neighbor  from 
the  central  atom  is  only  1.12  in  FeF2,  it  seemed  adwisable  to 
include  the  second  nearest  in  our  calculation.  As  an  approximation, 
therefore,  it  is  assumed  that  each  lattice  point  1,  2,  3,  9 
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occt^ies  the  apex  of  a regular  octagon  instead  of  a regular  tetrahedron. 
How  aaeoclatlng  each  particle  with  the  spin  coordinate  i^ch  can 
achiere  the  yalue  either  1 or  - 1 and  magnetic  moment  /x , , a 
partition  function  can  be  wi*itten  in  the  following  manner.  If  an 
external  magnttic  field  H is  applied  parallel  to  the  c-axis  of  the 
crystal  having  the  central  atom  in  the  A layer,  then  the  partition 
function  in  the  A layer  is 


idiere  and  are  effective  magnetic  field  in  layers  A and  Bj 
C and  C ' are  coupling  constants  between  the  spins  in  the  sane  layer 
and  in  the  different  layer,  respectively,  and  k is  Boltzman  constant. 
Let 


•^.H/kT  » E,  /l,Hj^/kT  = E^,  » E^, 

C/kT  « J,  C7kT«J'. 


(8,2) 


Substituting  the  equation  (8.2)  into  (8.1)  and  after  a few 


operations,  we  obtain 


expCE^  ® (<^1  + 


^^^^1  •••  ^8^ 


- J'^(c^9  + ,,,  + 

« e^l2  cosh(E^  + J)3®C2  coM\  * J')  f 
+ e-®[2cosh(E^  - J)]®[2cosh(Ej,  + J')3® 


(8.3) 


vhent  ^d  are  relative  probabilities  for  the  ^in  “ + 1 
and  = - 1, 
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For  the  eqtiation  with  aoterislc  nark  hereafter,  a detailed 
doilvation  is  given  in  the  appendix  section. 

The  average  spin  state  of  Oi-  is  then 

h 

The  partition  function  for  one  of  the  atoms,  j = 1,2,  ,,,,  8, 
in  the  layer  A may  be  xjritten  as 

Za  = e®»<f  . 

J =■! 

If  the  logarithm  of  the  both  sides  is  taken,  it  becomes 

8 

InZi®  ^ E«^=8E<7i', 

* fSi  a J a J 

Therefore, 


<^>av.  = 1 In  Z = -i 1-  z. 

8 3Eft  8Zj^  ^ 


8 3Ea  A -“A  -“a 
Substitution  of  equation  (8,3)  into  (8,5)  gives 


<£^>av.  = tanh(E^  + J)  •>  z^  tanh(E  - J)] 

2a 


(8,5) 

(8,6)* 


The  condition  for  <(^>  = <<^>  can  be  derived  then  from  the 
relation  of  equations  (8,4)  and  (8.6)  as  follows 


z;.z 


»p  1 

^ = |^[z;  + J)  + z-  tanh(E^  . J)].  (8,7) 

Substituting  -the  values  of  Z^  and  Z^  into  equation  (8,7)  and 
rearran^ng  the  terms,  we  obtain 


cosh(E^  zfc  J)  7 


icosh(E  ™ «'  J)  y 


eodi(E|^  - J'  )'|  3 


•Cosh^Ej, 


- J')18 


o2(E«  « E), 


(8.8)' 


Similarly,  we  obtain  for  the  central  atom  on  the  B lattice 


|'cosh(E^  ^ J) '1 7 ['cosh(E  - J') 


[co^(b^  - J)  ^ |^cosh(E*  + J') 


8 


= e2(Bb  . E). 


(8,9) 
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In  the  absence  of  an  external  field,  i.e.,  H =>  0,  it  is 
possible  to  obtain  two  solutions  from  the  equations  (8,8)  and 
(8,9),  Namely,  » Ej^  « 0 at  any  t«i^erature  and  E^  » E^ 
below  the  N^l  or  Curie  temperature.  Since  we  are  principally 
interested  in  the  latter  case,  substituting  toe  relation 
Ej^  = - Ejj  into  (8,8),  we  obtain 


A ftti*ther  manipulation  reduces  this  equation  to  one  of 
toe  most  in^rtant  equations, 


To  evaluate  J and  J' , we  must  have  anotoer  equation  toich 
contains  <3  and  3\  To  this  end,  refer  to  equation  (8,1),  and 
rewrite  toe  partition  function  in  the  following  wayi 


The  relative  probabilities  V.  when  *>  + 1,  and  » » 1, 

toen  + 1 and  1,  and  toen  ^ - 1 and 

® » 1 can  be  obtained  from  toe  equation  (8,12)  as  shown  belowi 


• ®a  - *^[2oosh(E^  + J)]^[2cosh(E^  « J")3®f 
^A++  *^[2cosh(E^  + J)]^[2oosh(E^j  - J 03®, 

V-  *<^A+.>  » e"^  • ’^[2eosh(E^  - J)37[2cosh(E^  + J^3®.  (8,13) 

The  quasi-chemical  relation  in  the  same  layer  is  then  given 
by 


(8,10) 


7 tanh  J + 8 tanh  « 1, 


(8.11) 


(8.12)* 


(8.14)* 
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Again,  jPron  equation  (8.1),  we  obtain 


r z 

<^=±i 


+Eb^^  - [2cosh(E-  + J<J^  )]7 


a 

[2co^(E^  - (8,15) 

As  before  the  relative  probabilities  for  various  spin  couplings 
between  two  layers  are  then 


Z++  = <Q4+>  » e®  Eb  - J'[2cosh(Ea  + J(]^C2cosh(Eb  - J')]®, 

Z+.  » <Q+.>  » e®  - Eb  + J'[2cosh(Ea  + J)]7[2cosh(Eij  « J')]®, 

Z.+  - <0.+  > » e-®  + ®b  + J'[2cosh(Eg^  - J)]7[2cosh(E^,  + J')]®, 

Z—  * <Q„  > « e-®  - Eb  - J'[2cosh(Ej^  - J)]7[2cosh(Eij  + J')]®,  (8.16) 

From  (8,16)  the  quasi-chemical  relations  between  two  layers 
are  then  given  by  the  following  equation, 


<Q+-><Q-+> 


4tl 


(8.17) 


The  following  relations  also  exist  between  liiie  layers. 


^A++  * ^A+- 

S3 

® 2 

Pa-. 

Pa+-  “ ® 

«A.» 

(8.18) 

®B-H-  + ®B4u 

S8 

8 Ng^,  2 

Pb- 

1 

a 

CO 

•i 

1 

(8.19) 

Q++ 

+ s 

8 

%+,  Q-- 

+ = 8 Na„, 

(8.20) 

Q++ 

•f  = 

8 

Nb+»  Q— 

+ (Ij. 

ft 

00 

1 

(8.21) 

»A+ 

■^^A-  *= 

L ® N/2,  Ng^.  + 

^B-  “ ^ * 

N/2. 

(8.22) 

where  and  Ng^  are  numbers  of  positive  and  negative  sites 
in  the  layer  A and  B,  respectively;  and  are  numbers  of 
sites  in  the  A and  B layers  and  N is  a total  number  of  sites. 


Using  the  above  relations,  the  configurational  energy  of  the 
system  W cart  be  expressed  in  terms  of  five  independent  parameters 
as  follows I 


^^®A+»  ^B+t  ‘s^A+— ^ » ^®B+— ^ ^ I T) 

“ - ®A—  • ®A+-  - ®B-M-  - ®B—  ®B+-^ 

+ C'  (Q++  - Q-.  - <4.  - Q^+) 
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» + 2C(P^+^  « Pg^J 

-2C  [204^  - 8(N^^^Ng^)] 

- + Hg)  - N]* 


(8.23) 


Hie  configurational  fr«e  energy  F can  be  evaluated  \s^  the 
following  well  known  thenaodynaioic  relation* 


Integration  of  equation  (3.24)  rmidera,  in  turn,  problems 
of  evaluating  the  following  two  terms  in  equation  (8,25). 


The  first  term  on  the  ri^t  hand  side  of  the  equation  is  an 
integration  constant  and  is  evaluated  by  the  following  thei^<. 
dynamic  relation* 


By  Stirling* s approximation,  this  can  be  rewritten  as* 

( ^ * (Nk/4)[(l  + s)log(l  + s)  + (l  • s)log(l  « s) 

+ (1  + s)log(l  + s)  + (1  - s)log(l  • 8 ) -4  log  23.(8.26)* 
idiere  s and  s ' arc  order  parameters  and  will  be  introduced  in  the 
following  equations* 


%+»  <V.>»  <Pb+,>.  <^S>\  h,  t> 

„ 3CF(Na+.  %+l  H.  T)/T] 

^htt) — 


(8.24)* 


(8.25) 


Na4>  b ^ §}f  Ng^s  ^^(l  ^ s^)« 


(8.27) 


where 


0 §8  $1  and  -1  ^8'^  1. 
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Using  equations  (8.14),  (8,18),  and  (8,22),  the  following 
quantities  can  be  eiqjjressed  aat 

( ) » 2N  lL.±  (1  ~ - 1 , (8,28)* 

e ' -1 

<Pb+.>  ■ II  * (1  - 1 (8.29)* 

Similarly,  from  equations  (8.10),  (8,15),  (8.16),  and  (8,20), 

=•  Ht(2  + s . s')  + 2/(e'^'/’^-l)] 


-Nf(2  + 8«s')  + 


'/a 


^5c7kf^  - s')}  , 


(8,30) 


ftklli.i  ,r  1[ 


Upon  substitution  of  equations  (8.2?),  (8,28),  (8.29),  and 
(8,30)  into  equation  (8,23),  it  becomesi 
W(%+,J%+,  PB+«f  Q+.l  H,  T) 

» ^N(C  - C' ) + 2C(P^^^  + Pg^^) 

-2C'  [20+^  . 8(Nj^+  - Ng^n 
m /^«H[2(N^^.  + Kb^)  . H] 

« Jm(C  . C')  . 2C2S  j Cl  * (1  - 

+2C2N  I H > (1  » 

s * 

-9C'fH(2*s-s'.j^).K  [ (2.»-s'.^^)= 

- yu,  H |2  ja)^l .1(1  ± ..g: ■).  - n| 


'/2 


aJL 


-4N{C  - C'  ) + 4CN  [ Il.±  (1  ~ j 

- r<2 ^ ^ (1  *.)(!. »of} 


(8.31) 


From  equations  (8.25)  and  (8.31),  we  obtain 

.-i^ 

' - c' ) ji  - -idT 

" li  - '*®'’'  <”  - ''>j^ 


*^(s  ♦=')[!? 


(8.32) 

Integrating  equation  (8.32)  as  sho^m  in  the  Appendix,  the 
following  result  is  obtained! 

- J < W >/t2  dT 

" -w<c  - (f)/T  *kH [ .!  leg  141  + (1  + .)iog l_ta 

*•  ^ 1 + s 

+ (1  - s)log  1-^  .2  log  L.*  X + (1  + s'  ) log  t'  •*■  s' 

+ (1  - sOlog  iLjt-£'j+  2kNj.  -U  r log 

JR.*.le  - j i!y)/(ff  - fl.  ,iog  - (1  - s.- / ?k  ■ 1 


+ (s  + s')/2  log 


40 


N -U»H 
2T 


(s  + s'). 


where 


(8.33)* 


» 1 + (1  « 8^)(e^/^'^-l), 
t’2  B 1 + (1  . ^2)(e^/^^-l), 

M(ra)  “ m ~ (l  .»  ss'  )m  + 1, 

— 4^ 

H » 1 - e-^'/lcT^  (8,34) 

Now  combining  equations  (8.25),  (8.26),  and  (8.33),  the 


configurational  free  energy  F can  be  e3q)reesed  as  follows  i 

F » ^{(1  + s)log(l  + s)  + (1  - s)log(l  - s)  + (1  + ar)log(l  s') 

+ (1  - s')log(l_-  s' ) - 4 log  2 } 

-4N(C  - C'  )/T  « Si.j!^g,^(s  + s')  ■+■  kN  ( *2  log  t 1 
2T  _ ‘ 2 

+ (1  + s)log  + (1  . a)iog  . 2 log 

+ (1  + 6'  )iog  iULal  + (1  - S'  )iog  t' 8'  1 
~ 1 + 8'  _ 1 • S'  J_ 

+2kN  I . ^ S' ) log  -iM  (i.  *-8'^|2  » (1^-  Ba')/(m  • b') 

-log  (1  ss')m/2  -m>  a-*-  S'w 

1 - ra  2 ® 

iI.,.t„L(g  g^?/2  ir„u,„t  g8p/(g  ^ M3.  9s')/{§  ♦ ff',)} 

l/(s  + s )(1  • m) 

» 2|I  ^ - l6(Cy^T  - C'/kT)  - 2 yUoVlie  + s')/kT  + [(l  + s)log(l  + s) 
+ (1  - s)log(l  • s)  + (1  + s')log(l  + s')  (1  - s'  )log(l  « s') 

-4  log  2]  + 4[(1  + s)log  i-±-2  -f  (1  . s)iog  . 2 log  L±1 

+ (1  + s')iog  (1 . soiog  2 log 


iLt-Kg  - rUz  ffi  (I  -^g^0/(g  g',)]| 
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Expanding  equation  (8.35)  in  terms  of  m,  taking  up  to 

terms,  and  rearranging,  tre  obtain: 

_ F(s,_^s',  H,  T) 

= -4N(C  m C ) - h.  >t6H(s  s' ) 

— 2 ^ 

- [(!■<■  s)log(l  + s)  + (1  - s)log(l  - s)  + (1  + s')log(l  + 

+ (1  « s')log(l_^-  sO  - 4 log  2}  + HkT  [(1  e)log(t  + s) 

+ (1  - s)log(t  - s)  - 2_log(t  + 1)  + (1  + s')log(t'  + s') 

+ (1  - s')log(t'_-  s')  - 2 log  (t'  +1)}  + NkT  { (1  + ss'  )m_ 

4 ^[4(1  4 ssO  - (1  - 5^)(1  - s'^)]  4 4 2 KkT  log  (1  - ra). 

From  minimization  conditions,  -AF  - ■SF  = 0,  we  obtain 

as  as' 

- —ifiill  - 1 log  I s + 2 lop  t 4 s + 1 , 4.  / i / 2 

kT  2 1 . s rrr  2 - 2 ' 


M.E 

kT 


” 2 i - t'  2 log  ^ g,  4 I m^s'4  m(m  4 z)i 


- i s^'ri2  = 0, 
2 


(8,37) 


Now  ^plying  the  follovdng  Neel  tengjcrature  conditions 
tc  the  equation  (3,27),  we  obtain 


a2p 


(1S)>0. 


3F 

as 


s = s'  = 0,  (8,38) 

another  iiiportant  .equation  is  obtained: 

;«-2CAT-2  e-«7!^-5  . 0.  (8.19)* 

Now  we  are  in  a position  to  be  able  to  evaluate  the  ferro- 
and  antiferromagnetic  coupling  constants  C and  C'  from  equation 


(8.11)  and  (8,39) » provided  the  Neel  temperature  Tjj  is  known. 

It  is  customary  to  evaluate  these  constants  semi-erapirically  as 


s') 

(8.38)* 

0, 


done  Tsy  Yomosa.^^  It  is,  however,  in  the  preaent  calculation 
shown  that  these  constants  can  be  estiinated  without  re<K}urae  to 
the  eaperimental  data  by  solving  equations  (8,11)  and  (8.39) 
gri^jhically. 

In  order  to  facilitate  the  calculations,  the  equations 
(8.11)  and  (8.39)  are  transformed  into  the  following  forms! 

J'  = arc  tanh  i(l  « 7 tanh  J),  (8,11) 

8 - 

J'  » -0.578  log(2.5  - 2e-2*^),  (8.39) 

vdiere 

J « C/kT  and  J'  » C'/kT 

Equations  (8,ll)  and  (8,39)  are  plotted  as  shown  in  Figure  2 
according  to  the  data  tabulated  in  Table  1,  From  the  graph  J 
and  J'  values  are  found  to  be  0.025  and  0,122,  respectively. 

Since  we  know  the  Neel  temperature  Tjj  » 78  ®K  for  FeF^  from  the 
heat  capacity  and  magnetic  susceptibility  measurements,^®  the 
ferroraagr»tic  and  antiferroraagnetic  cotipling  constants  C and  C' 
can  be  estimated  from  the  relations  J » C/kTjj  and  J'  = C'/kT^j, 

The  calculation  gives  the  value  of  1,95  k for  C and  of  9.52  k for  C', 

Exactly  the  same  type  of  calculations  were  carried  out  for 
the  iscHBorphlc  crystalline  compounds  ItiFg  and  CoF^  and  their 
respective  coupling  constants  are  tabulated  in  Table  2,  The 
relations  between  the  magnitude  of  IJie  coupling  constants  and 
the  N^l  temperature  are  shown  in  the  Figure  3, 

FeClg 

In  his  theoretical  paper  on  FeClg,  Yomosa^^  evaluated  semi- 
emplrlcally  the  coipllng  constants  to  be  4.30  k for  C and  0,43  k 
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Table  2 

Bata  for  the  Gz^hloal  Solution 


J » arc  tanh  i(l  » 
8 

J 

0.000 

0.020 

0,040 

0.060 

0.080 

0.100 

0.120 

0,140 

0.160 

0.180 


? tanhJ) 

J'  « 

J' 

J 

0.126 

p.ooo 

0.123 

0.020 

0.120 

0,025 

0,118 

0.030 

0.115  * 

0.035 

0,113 

0,040 

0.110 

0.060 

0.109 

0.080 

0.106 

0.100 

0.103 

0.120 

0.101 

0.140 

0.578  log(2,5  - 2e-2J) 
J' 
0,174 
0.138 
0.129 
0.123 
0.114 
0.107 
0,081 
0.057 
0.037 
0.019 
0,003 


0,200 


4^ 


^5 


for  C'  iMch  correspond  to  the  Heel  tatiperature ' Tjj  = 24  <>K, 

The  magnetic  entropy  at  this  transition  temperature,  however, 
does  not  account  all  the  spin  nultiplicity  (2S  + l),  i.e,,  it 
aiaounts  to  only  R In  2,  This  fact  clearly  indicates  a possible 
presence  of  the  second  transition  taraperature.  In  an  effort  to 
find  such  a second  transition  point  it  was  decided  to  repeat  the 
calculations  for  the  FeCl^.  Two  equations  obtained  by  Yoniosa^^ 

were  solved  graphically  as  shown  in  Figure  4 and  two  sets  of  roots 

* » 

were  found,  one  of  which  corresponds  to  Tjj  » 24  ®K,  Assuming  the 
coupling  constants  C = 4.30  k and  C'  = 0.432  k obtained  at  Tn  = 24  ®K 
remain  unchanged  over  the  tw^erature  range,  the  second  transition 
ten?)erature  was  calculated  from  the  relaUon  J = C/kTjj  and  Tjjg  was 

f 

obtained  to  be  2?  °K, 

Vihether  the  second  transition  ten^jerature  we  found  has  a 
real  significance  or  not  will  be  discussed  in  detail  in  the 
following  cluster. 

As  in  the  previous  cases,  for  the  isomorphic  crystalline 
substance  NiCl2»  and  CoCl^  with  FeCl^f  the  coupling  constants 
C and  C'  are  evaluated  and  tabulated  in  the  Table  3 and  the 
relation  between  the  NtoI  temperature,  Tjj,  and  the  coupling 
constants,  C and  C , are  illustrated  in  the  Figure  3» 


Table  3 

Ferro  and  Antiferroraagnetic  Coupling  Constants 
and  !Hieir  Respective  Neel  Tenqjerature 


Con?jound 

Crystal 

Structure 

Tjj(«K) 

C 

f 

C' 

FeFg 

Rutile 

78.4 

1*95  k 

9.52  k 

MnFg 

It 

66.5 

1,66  k 

8.11  k 

CoF^ 

If 

37,7 

.943  k 

4.60  . k 

FeClg 

Hexagonal 
close> 
packed  i 

24,0 

4.30  k ' 

1 

.432  k 

C0CI2 

« ( 

25.0 

4.48  k 

.450  k 

NiClg 

52.0 

9.31  k 

■ .936  k 

NiCl 
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O Os  CO  Cs.  so  VTv^  C^CM  H 


O Vi  'o 
O 


Figure 
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Table  4 

Data  for  the  Graphical  Solution 


J'  ss  arc  tanh  « 

^1  •>  5 taidiJ) 

J'  « 0.58C(0*18 

- log(3.5 

J 

J' 

J 

J' 

0,000 

0.169 

O.OOO 

0*285 

0,050 

0.126 

• 0,050 

0.161 

0.100 

0.084 

0.100 

0.095 

0.120 

0.068 

0.120 

0*071 

0.140 

0.051 

0.149 

0.052 

0.160 

0.034 

0.160 

0.034 

0.180 

0.018 

0,180 

0.018 

0.200 

0.002 

0,200 

0,004 

0.250 

-0.041 

0,220 

-0,009  f 

0.300 

-0.076 

0,240 

-0,020 

0.260 

-0.032 

0,280 

-0.042 

1 
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Figure  4.  FeCl2. 


CHAPTER  n 


RESULTS  AND  DISCUSSION 

Frequent  references  will  be  made  to  Table  3 and  Flf^e  3 
in  the  following  discussions.  The  first  thing  to  be  noticed  in 
Figure  3 is  that  the  transition  tec^jerature  Tjj  rises  as  the 
magnitudes  of  the  co\q>ling  constants  increase  and  for  the  iso- 
morphic crystalline  corpounds  the  plots  of  C versus. or  of  C 
versus  form  strai^t  lines,  Hiese  lines  also  converge  to  zero 
at  0®K,  confiiming  Van  Vleck^s  theory  on  anUferromagnetism.  A 
second  point  to  bo  considered  is  the  fact  that  in  the  FeFj  series 
C*s  have  larger  values  than  C indicating  antiferromagnetic  couplings 
were  much  greater  than  ferromagnetic  couplings,  while  in  FeClg 
series  the  order  is  reversed,  i.e.,  C»s  have  much  greater  values 
than  the  antlferroraagnetic  coupling  constants,  C,  Ihis  reversed 
situation  in  the  two  different  crystalline  structures  is  reflected 
as  hi^er  transition  tonperatures  for  the  FeFg  series  and  lower 
transition  temperatures  for  the  FeCl^  series. 

Therefore,  it  can  be  concluded  that  the  sez*ies  have 
streng  antiferromagnetic  coupling  between  the  spins  and  the  FeCl2 
series  have,  on  the  other  hand,  strong  ferromagnetic  spin  couplings. 
These  agree  very  well  with  ouir  expectations. 

As  to  the  existence  of  the  second  ti^sition  tesperatux*e,  some 
experimental  evidence  can  be  cited  uhich  provides  a strong  support 
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for  this*  According  to  Stouly  et.  the  mAgnetlc  entropy  ob» 

served  for  FeCl2  first  transition  ten^raturey  Tjj  = 24  ®K, 
does  not  account  the  expected  value  of  R ln(2S  -f  l)  = R In  5 
but  only  R In  2,  R*  B,  J4irray,^®  on  the  other  hand,  observed  two 
transitions  tenperatures  = 1.81  ®K  and  Tjjg  = I.96  “K  for 
IfaClg  and  was  able  to  account  for  the  magnetic  entropy  R In  6 
by  sunning  up  the  values  at  these  two  transition  points.  The 
next  question  to  be  asked  is  then  ^Aiy  the  second  transition 
tengjerature  has  not  been  found  for  FeCl^  in  spite  of  ttie  fact 
that  the  first  transition  occurs  at  24  «K  and  the  predicted 
second  transition  appears  at  2?  ®K  xAich  is  much  higher  than 
those  ten?)erature8  observed  for  IfaClg  case, 

A partial  answer  to  this  may  be  found,  without  too  elaborate 
ti^tment,  if  we  consider  how  the  magnetic  entropy  contribution 
is  separated  from  the  lattice  entropy  contribution.  For  I&1F2, 

FeF2,  and  C0F2,  for  example.  Stout  used  diamagnetic  as  well  as 
isomorphic  crystsJline  substance  ZnF2  in  the  evaluation  of 
magnetic  entropy.  Worded  differently,  the  magnetic  entropy  is 
the  difference  of  total  entropy  of  each  I-WF2,  FeF2,  and  C0F2 
minus  that  of  ZnF2  tdiich  has  only  lattice  contribution  to  the 
entropy,  for  it  has  a closed  3d—shell  or  a configuration, 
Althou^  it  appears  to  be  a Blr?>le  matter  to  separate  and  identify 
the  tvro  different  contributions  to  the  entropy,  such  identification 
is  greatly  han5)ered  by  the  faot  that  the  lattice  contribution  is 
considerably  large  even  at  low  tenqjeratures,  so  that  the  magnetic 
contribution  is  quite  often  obscured  by  the  lattice  conti*ibution. 
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The  following  exar^jle,  however,  will  diow  the  correctness 
and  validity  of  the  second  transition  phenomenon*  For  instance, 
in  MnCl2  ^^lich  is  isomorphic  with  FeQgin  crystalline  structure, 
the  ferromagnetic  cotqjllng  constant  C is  estimated  to  be  0*326  k 
at  first  transition  tecperature  =»  1,81  ®K,  Now  assioning 
the  ferromagnetic  ooupllng  constant  C does  not  change  over  not 
too  wide  teo5>erature  range,  the  second  transition  teB5>erature 
%2  evaluated  to  be  2*03  ®K,  This  is  an  excellent  agreement 
with  experimentally  observed  second  transition  temperature 
Tj,2  = 1*96  «K* 

no 

Stout’'"  also  predicted  in  his  p«per  the  possibility  of 
isolating  the  remaining  magnetic  entropy  for  FeClg  over  a temperature 
range  higher  than  Tjjj^  » 24  oK,  All  this  evidence  suggests  that 
at  the  second  transition  teraperaturo  Tjjg  = 27  ®K  the  remaining 
magnetic  entropy  contribution  would  appear*  To  veidf^r  this, 
further  refined  expeidmental  results  must  be  obtained.  The 
difficulty  ^dth  measurements  on  FeCl2  is  due  to  the  much  larger 
contributions  of  lattice  entropy  at  the  e;iq>ected  transition 
ten^ierature*  This  difficulty  does  not  exist ' for  ^fnClg  >Aiere 
the  transition  temperatuies  are  very  low* 


CHAPTER  X 


sinsttRr 

< 

A statistical  raedumicnl  method  based  on  the  ”Ising  ujodel” 

was  spiled  to  two  crystalline  structorea  including  close-packed 

* * 

hexao^nal  substances  such  as  FeCl2,  ISjClg,  NlCl^,  axtd  rutile 
structural  substances  such  as  FeFg,  J4iF2,  and  CkjFg,  etc. 

The  most  significant  result  of  this  investigation  was  the 
theoretical  prediction  of  the  second  Nwl  transition  teD^z*ature« 
As  expected,  it  was  found  that  the  ferromagnetic  cot?>lings 
were  much  stronger  than  the  antiferrorti^netlc  for  the  series  of 
cor^xjunda  FeCl2,  C0CI2,  awl  HiCl2,  3h  the  sane  aeries  the  tran- 


coupUng  constants  Increases,  Cfe  the  other  hand,  in  the  aeries 
I-SiF2,  FeF2»  and  C0F2,  the  antiferrcxaagnetic  couplings  were  much 
larger  than  ferromagnetic.  This  has  the  effect  of  elevating  the 
transition  teo^ei^tures  much  more  than  for  the  corresponding 

con5X)und8  in  the  dose,^aoked  hexagonal  crystals.  The  transition 

% 

tai^ierature  idses  as  Ihe  magnitude  of  the  antiferromagnetic 
coipllng  constants  increases,  as  in  the  previous  case. 
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Now  applying  the  relations  (8,20)  end  (8.22), 

(8NA+.<af.»(8NB_<Q+_>  )e^'  = <<if^(8Niu  - <Q_>) 

= <r  <if->(8NA.  - 81%_  + ^ ) 
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